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A finite-difference method is used to solve a problem with a singularity 
in the solution. A scheme suitable for describing the behavior of the 
solution near the singularity is constructed. 

In  the n u m e r i c a l  so lu t i on  of p r o b l e m s  of m a t h e m a -  
t i c a l  physics by finite-difference methods it is usual 
to make use of the smoothness of the functions con- 

sidered. Disturbance of smoothness near singular 

points makes it necessary to use special methods in 
order to avoid making the mesh interval too fine. One 

such method, the isolation of singularities, has been 

discussed by E. A. Volkov in relation to the example 

of elliptic equations [i, 2]. 
In this paper we describe a somewhat different 

approach to the isolation of singularities. We note 

that the method is not restricted to the problem con- 

sidered but may be extended to a more general case. 

We will consider the problem of heat conduction in 

a solid bathed on one side by a laminar flow, it being 

assumed that a homogeneous condition of the second 

kind is satisfied on the other boundaries adjacent to 

the flow surface. The simplest of such problems has 

the following form: 

( 02Ts + O~Ts ~ CsPS-30 Ts = ~'s\ OX 2 Ol.ff ] +Q(x,y, 'O,  (1) 

(O <x<d;  0 <  v < + R ;  ~ > 0 ) ;  

Ts I,=0 = 0; (2) 

OTsox ~=0= 0; (3) 

OT~ ] 
Ox . = a =  O; (4) 

OTs 
Xs Urn-- --q(x) exp(--~)--aTs]y~n'  (5) 

(OT, OT, I 02Tf 
ctPI \ o'~ 4- U ~x ] = %f-'Oy ~ , u -- My; (6) 

( 0 < x < d ,  - - ~  < g  < 0 ,  z > 0 ) ;  

Tt ]~=o = 0, (7) 

r r  I,=0 = T~~ (8) 

Tf Iv=-o = T~ ]v=+o; (9) 

aT r OT, 
Xr -~Y v=-0= ~s @- y=+o (10) 

In  what  fo l lows  d i m e n s i o n l e s s  q u a n t i t i e s  wit l  be 
u s e d  e x c l u s i v e l y .  

We will investigate the singularity occurring close 

to x" = 0, ~ = 0 when the behavior of the solution with 
respect to 7 is sufficiently slow and smooth and mo- 

tion does not have an important influence on the be- 
havior of the solution with respect to (~, ~. 

Moreover, for simplicity we assume that Q(~, y~ -= 

0 in a certain neighborhood of the point (0, 0). 

Introducing polar coordinates in the body (y" > 0) 

and using a Mellin transformation with respect to r 

to describe the relation between the temperature of 

the surface y = 0 and the heat flow through it (since 

our treatment is a local one, we can confine ourselves 

to the region 0 _< ~'_< ~0, specifying some boundary 
condition at r" = ~0), and also applying Mellin trans- 

formation with respect to ~ to the relation 

F 

T/-3I;=o='N J'(x--~)-''"OT (~ 'v) dy (N=0.512039K2), 
o ag 70 

we es tab l i sh  that  in the body c lose to (0, O) the so lu -  
t ion has  an  a s y m p t o t i c  f o r m  ( T a b l e  1) 

rs =~-L,. ~e/~"," lnGt. (11~ 
' 1 3 k ] 

n ,k  

As d i s t i n c t  f r o m  [2] we wi l l  c o n s t r u c t  s c h e m e s  
with low c o n n e c t i v i t y ,  whose  c o e f f i c i e n t s  a r e  found 

Values 
of k 0 1 

C0, 0 0 

o o 

T a b l e  1 

C o e f f i c i e n t s  c-~)k 

O. 932478-- 
C0,0 

Values of Cn,k at n = 

4 5 

0.297575- o 
- - ~  Co. o 

K~ 
C6,0 

0 0,I23326- 0 
K----~2 Co,o 

0.419615 -- 
~2 C6'0 - -  

0.0179552-- 
-- K4 Co,o 

0.0517492_ 
K~ Co,o 

*) The coefficients cd, o are arbitrary. 
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T a b l e  2 

Coe f f i c i en t s  of d i f f e r e n c e  s c h e m e  A~,i (Bci-: 2--Ai.i) 

V a l u e s  - V a l u e s  o f  A i j  at i = 

o f  j 0 1 2 3 -I 

--2 
1.3872 
2.0655 

0,612752 
0.7839 
1.0009 

0,934496 
0,5514 
0.9407 

0 , 9 7 1 1 3 6  
1 , 1 6 4 3  
0 . 9 6 1 7  

0.983786 
1.0226 
0.8536 

f r o m  the cond i t i on  tha t  t h e s e  e q u a t i o n s  m u s t  be  s a -  
t i s f i e d  by  the a s y m p t o t i c  so lu t i on  ob ta ined .  

N a t u r a l l y ,  the  n u m b e r  of p a r a m e t e r s  in  each  of the  
d i f f e r e n c e  e q u a t i o n s  m u s t  c o r r e s p o n d  with the  n u m b e r  
of t e r m s  r e t a i n e d  in the a s y m p t o t i c  e x p a n s i o n .  In a d -  
d i t ion,  c e r t a i n  r e q u i r e m e n t s  e n s u r i n g  the s t a b i l i t y  of 
the d i f f e r e n c e  s c h e m e  m u s t  a l so  be s a t i s f i ed ,  the 
d e s c r i p t i o n  of the  so lu t i on  u n d e r  o the r  c o n d i t i o n s  m u s t  
be  at  l e a s t  q u a l i t a t i v e l y  c o r r e c t ,  e tc .  When  the n u m b e r  
of p a r a m e t e r s  in the d i f f e r e n c e  equa t i on  and  the n u m -  
b e r  of t e r m s  r e t a i n e d  in  the a s y m p t o t i c  e x p a n s i o n  
c o r r e s p o n d  exac t ly ,  a l l  t h e s e  r e q u i r e m e n t s  wi l l  no t  
a lways  be s a t i s f i e d  and should  t h e r e f o r e  be  i m p o s e d  in  
advance  in  the  f o r m  of e q u a l i t i e s  or  i n e q u a l i t i e s ,  which  
m a y  be added,  w h e r e  n e c e s s a r y ,  to the  a s y m p t o t i c  
c o n d i t i o n s .  In  th i s  c a s e  i t  m a y  be  n e c e s s a r y  to i n -  
c r e a s e  the  c o n n e c t i v i t y  of the  d i f f e r e n c e  s c h e m e .  

O n  the  o the r  hand,  if t h e r e  is  a p o s s i b i l i t y  of e s t i -  
m a t i n g  the  e r r o r ,  i t  i s  p o s s i b l e  to r e q u i r e  i t s  m i n i m i -  
za t ion  in a s u i t a b l e  c l a s s  of func t ions ,  which  m a y  
s o m e t i m e s  l ead  to su f f i c i en t l y  good r e s u l t s  e v e n  in  
the  c a s e  of low c o n n e c t i v i t y .  

F o r  Eq.  (1) with c o n d i t i o n s  (2)-(5)  we s h a l l  f ind 
s c h e m e s  on a s q u a r e  n e t  (~i = i~s,  ~i = J~s), which  
would  be s a t i s f i e d  by a s y m p t o t i c  e x p r e s s i o n  (11) �9 We 
sha l l  conf ine  o u r s e l v e s  to f i v e - p o i n t  s c h e m e s  in which  
the n o n z e r o  c o e f f i c i e n t s  of v a l u e s  of T i j  a r e  n o n z e r o  
at no t  m o r e  t han  f ive po in t s ,  l ike  the s i m p l e s t  a p p r o x -  
i m a t i o n  of the  L a p l a c e  o p e r a t o r .  If  the p r o b l e m  is  
so lved  for  s o m e  f ixed v a l u e  of K 2, i t  is  n e c e s s a r y  to 
f ind the s c h e m e  for  which  the  s o l u t i o n s  a r e  d e t e r m i n e d  
in a c c o r d a n c e  with (11) with ~0,0 = 1, ~ ,0  = 0; ~o,o = 0, 
c'6,0 = 1, e tc .  However ,  if i t  is  r e q u i r e d  that  the  
s c h e m e  be s a t i s f i e d  a t  a r b i t r a r y  K 2 f r o m  s o m e  r eg ion ,  
i t  i s  n e c e s s a r y  that  any  t e r m  of (11), h o w e v e r  r e m o t e ,  
be  an exac t  so lu t i o n .  In  o r d e r  to r e t a i n  the  q u a l i t a t i v e  
c h a r a c t e r i s t i c s  of o r d i n a r y  e l l i p t i c  n e t  e q u a t i o n s  i t  is  
r e q u i r e d  tha t  the  s c h e m e  a l so  be exac t  for  the  f u n c -  
t i ons  ~, ~ and  x2 + ~2 as  we l l  a s  the  f i r s t  two t e r m s  of 
(11). Thus ,  for  the c o e f f i c i e n t s  of a s c h e m e  of the  
f o r m  

a~.i Ti-l,i + bi,i T~,i + c~,i T~+t.i + 

+ d~,] T~,i-'  + e~,i T~,i+~ = g~,i (12) 

we ob ta in  the  e q u a t i o n s  

ai.i + bid q- ci,i + d,.,i q- ei.i : O, 

h. [(i - -  1) a,.~ + ib . i  + (i + 1) c~.~ + id,.~ + ie~.i] = O, 

hs []aid + ]bi.i + ]ci.i + (] - -  1) di,i + (] + 1) ei.i ] = O, 

, - -  cos - -  arc ctg + h~/, a, s [(i 1) ~ + fl]'/: ] 
3 i - - !  

+ bi,i(i z + ]~)V. cos--=--9 arc ctg ] + ci ; [(i + 1) 2 q- 
3 t 

2 • arc ctg ] + cos V + 

2 ] - - 1  -~- di.i [P + (] - -  1) 2] v, cos - -  arc ctg + 
3 i 

2 a r c c t g ] + l i = 0 , i  + e,.,: [i 2 + (i + 1) 2] ':~ cos V 

h 2 {a,4 [(i _ 1)2 § j2] + b,,i (iu + ]2) + c~,i [(i + 1) e § .i2] _+_ 

+ d;,i [i2 + (j _ 1)21 _~ e,,] [i 2 + (j + 1121 } = 4, (13) 

which  g ive  

ai.~ = ci ~ = Ai.i/2h~ 

d~,i = e~,i = B~,i/2h~, 

2 . . - -  - -  h s b,,1 -- 2 (Ai.j + Bi,i) = 4, (14) 

or  in d i m e n s i o n l e s s  f o r m  

2 A,.j = 2 [[? + (j + 1)2Jl/3 cos --~- %.~+1 - -  
( 

-o I/3 2 - - 2 ( i  2 + I - ) '  c o s ~ - % , i  + [  i2-}- 

2 - 4 - ( ] - -1 )2 ] I / 3cos@%,]_1}  i[i2@ (]-~ - 1)zll/acos-3--Tu)+ t -  
) t 

- -  l(i + 1) 2 + fi]l/a cos @ ch+~,j + [i ~ 4- (] - -  1)@ 's X 

X cos - -  ~i , i - l  - -  [(i --- l) z + ]2]b'acos q~,-~,/f-~ (15) 1 
'3 f 

whe re  

%,i =arcc tg@ �9 

In th i s  c a s e  as  the  b o u n d a r y  cond i t ion  a t  ~ = 0 we can  
t ake  T_I,  j = T t , j  and s u b s t i t u t e  in (15) with i = 0, 
exc lud ing  T_t ,  j f r o m  c o n s i d e r a t i o n .  C lose  to the l ine  

1 (x= -g)  = t g  2 arctg'~- 
2 g x- 3 -  g 

which  g ive s  

tg 3~ 2.41355, 
y 8 

in which  r e l a t i o n  (15) m a y  l ead  to a l a r g e  d i f f e r e n c e  
b e t w e e n  ~ i , j  and  Bi,  j and  even  to t h e i r  hav ing  d i f -  
f e r e n t  s i gns ,  which  d i s t o r t s  the qua l i t a t i ve  d e s c r i p -  
t ion  of the  p r o c e s s .  However ,  th i s  i s  due to the fac t  
tha t  the  s e c o n d  d i f f e r e n c e s  of the  func t ion  r -~/~ �9 
�9 cos  {2/3}~o c l o s e  to t h i s  l i ne  a r e  s m a l l  and ,  c o n s e q u e n t l y ,  

w h e r e  the  d e v i a t i o n  of ~ i , j  and  Bi,  j f r o m  un i ty  is  l a r g e  
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at  not  v e r y  s m a l l  Y, i t  i s  p o s s i b l e  to r e p l a c e  t h e m  by 
unity without  a s e r i o u s  i n c r e a s e  in the e r r o r .  The 

r e s u l t s  of ca l cu la t ing  :~i,j f rom (15) a r e  p r e s e n t e d  in 
Table  2. 

Since the co inc idence  of the s igns  of 1~ and ~ is  
d i s t u r b e d  at  the point  (0, 0), we wil l  not c o n s t r u c t  a 
f i ve -po in t  equat ion for  it, but r e p l a c e  T0S,0 with T0s,1 
or  T~,0, us ing  the f i r s t  t e r m s  of (115. In  the equat ions  
conta in ing  T0S,0 i t  is  e l i m i n a t e d  by m e a n s  of th i s  e x p r e s -  
sion, which involves  a change in the s t r u c t u r e  of 
s c h e m e  (12). 

We wi l l  confine o u r s e l v e s  to the  c a s e  when the  - 
behav io r  of the so lu t ion  is  exponent ia l  in t i m e  (such 
so lu t ions  can subsequen t ly  be used  fo r  d e s c r i b i n g  
p r o c e s s e s  of  a m o r e  g e n e r a l  type)  T (x, y, r )  = 
= T(x, y) exp (-fl ,  r ) .  Then i t  i s  e a s y  to s e e  tha t  in the 
body al l  the b a s i c  c a l cu l a t i ons  involving the a sympto t i c  
e x p r e s s i o n  wi l l  be c o r r e c t  for  t e r m s  up to ~ , 0  i f  i t  i s  
p o s s i b l e  to neg l ec t  the  mot ion  in the  f luid.  

In o r d e r  to examine  the p r o c e s s  in the f luid i t  is  
convenient  to in t roduce  the s e l f - s i m i l a r  coo rd ina t e  
s y s t e m  [3] 

_ 1 / 3  
~1 = x ;  ~ = y / x  (16) 

Equat ion (6) t akes  the f o r m  

- -  OT~ O~Tf 1 ~2 0Tf _ --2/3 
= + Klrl Tf 

- ~  ova o~'~ 3 o~ 

( 0 < ~ <  l ,  - ~  < f < o ) .  (17) 

In o r d e r  to c o n s t r u c t  a s c h e m e  for  p a r a b o l i c  equa -  
t ion (17), us ing  the i d e a s  of [3], we r e q u i r e  tha t  i t  be 
exac t  for  so lu t ions  of the  f o r m  

~o (~); 
_--213 --2/3 
~1 ~_~/a(~) ; ' r l  qO2/a(~), whe re  

L~ ~(~) = i ~ r  (~); L~ = ~  ~ 3 0-~ 

with the boundary condition 69i (-~~ = 0. As a result, 
for (17) we obtain the scheme 

~ a v  ~ [7~ (~+1) - T~ (~,)1 = L~ [~ (~) T~ (~,) + 

+ (l - -  y (~,)) Tt(~-+, )] (185 

where  

=h__~ 
3 

i 

~ 2 / 3  2 / 3  

- - 2 / 3  __--2/3 - -  2 / 3  __2/3 ; 

L~" is  the o r d i n a r y  d i f f e r e n c e  a p p r o x i m a t i o n  of the 
o p e r a t o r  L with i n t e r v a l  h~'. 

The addi t ion to L~- in Eq.  (17) is  r e p r e s e n t e d  in the 
form 

_ 2/3 2/3 

K1 n~ T~ (~5 + m+~ T~ (~§ 
2 

To s a t i s f y  the condi t ions  (9} and (10) we p r o c e e d  as  

fo l lows .  We e x t r a p o l a t e  T] to ~ = + h~', T s to ~ = - h ~  

on the l ine  x = V = ih~ = i l~-;  we r e p r e s e n t  T s and Tf, 
r e s p e c t i v e l y ,  in the f o r m  

_~/3 2 (183) T s = m 0 + m l r  cos -~-% 

_ 2  
Tf = m2 + m3-~ -~ m4 ~ �9 (18b) 

(The coe f f i c i en t s  mj a r e  d i f f e r en t  for  each  ~ = 7 "  We 
require the satisfaction of (18a)at the point ~ = ~h 7 
and (18b) at the point ~ = 0 and ~ = lh~-. To these five 

equations we add Eq. (12) for (i, 0) and the relation 

~/a T~) ~=i~ T (L T T~ § K, ~ -- 0. 

We a l s o  add the two r e q u i r e m e n t s  on the coe f f i c i en t s  
mj fol lowing f rom (95 and (10). E l i m i n a t i n g  f r o m  t h e s e  
r e l a t i o n s  mi, T~.0, T[, +1, T~._I, we obtain the f i ve -  
point  equat ion 

1 T ~ - 1  + [ / 1 1  T~lz __ 1 

A~ o T ~ ~ = �9 = "  ( i - i ,o  + Ti+l,o) 0, (19) 
BLo 

X i 2 - p  1) 1f3 COS ~g , - - I  - -  COS - -  ~ ,  +1 ( 2 0 )  
3 

X (i e @ 1) 1/3 cos --~ q~i, -1 - -  cos - -  cp~, +l 
. 3 

(h~ = h;- = hr )  (20a) 

for  i >- 1, i t  be ing  n e c e s s a r y  to e l i m i n a t e  TS,0 at  i = 1. 
I t  i s  not  n e c e s s a r y  to c a l c u l a t e  TS,0 and T~ t7 = 0 in the 
p r o c e s s  of so lv ing  the f i n i t e - d i f f e r e n c e  pr01Jlem. This  
is  n e c e s s a r y  only for  the  subsequen t  inves t iga t ion  of 
the  t r a n s f e r  p r o c e s s .  We note  tha t  r e m o t e  f r o m  the 
point  (0, 0) i t  is  p o s s i b l e  to use  o r d i n a r y  me thods  for  
a p p r o x i m a t i n g  the d i f f e r e n t i a l  equa t ions .  An ac tua l  
app l i ca t i on  of the  s c h e m e s  deve loped  above  wi l l  be 
d e s c r i b e d  in connec t ion  with the inves t iga t ion  of a 
b o u n d a r y - v a l u e  t r a n s p o r t  p r o b l e m .  

N OTATION 

Cs, Ps,  kS, a s ,  e f ,  p f ,  Xf, a f  a r e  the  spec i f i c  heat ,  
d e n s i t y  and the coe f f i c i en t s  6f t h e r m a l  conduc t iv i ty  and 
t h e r m a l  d i f fu s iv i ty  of so l id  and f luid,  r e s p e c t i v e l y ;  
Ts ,  Tf a r e  the t e m p e r a t u r e s  of the  so l id  and fluid; 
d i s  the long i tud ina l  d i m e n s i o n  of body; R is  the t r a n s -  
v e r s e  dimension of the body, u is the fluifl velocity; 
M is a constant; ~ = x/d, y-= y/d are dimensionless 

variable coordinates in the body; - a~ �9 is dimension- 
d = 

less time; 7= V'x = § ; ~ =x, ~= y/x~/aare self-similar 
d ~ 

dimensionless coordinates in the fluid; ~= --~ is the 

d i m e n s i o n l e s s  r e l a t i v e  cool ing  r a t e ;  ,,~=as,a/., ~ "  U, aa2/a~Izaa4/a~f ~ , 
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I(2~'~C$ Ps a,Jc~ ~ a2/31~ I/3 d 2/3. a r e  t h e  d i m e n s i o n l e s s  c o r a -  
l o 

p l exes ;  i i s  the  number ing  of nodes  of f i n i t e - d i f -  
f e r e n c e  s c h e m e  in the body with r e s p e c t  to x and in 
the  f luid with r e s p e c t  to  ~; j i s  the  n u m b e r i n g  of nodes  
of ne t  in the body with r e s p e c t  to  ~ and in the f luid 
with r e s p e c t  to ~-; h - =  h - = h s  is  the d imens ion le s s  

x y 
m e s h  i n t e r v a l  in the  body; h - ,  h -  a r e  the  d i m e n s i o n -  
l e s s  i n t e r v a l s  with r e s p e c t  to ~ and ~" in the f luid;  
z = x + C ~ y .  
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